The discretized equilibrium distributions of the lattice Boltzmann method are presented by using the coefficients of the Lagrange interpolating polynomials that pass through the points related to discrete velocities and using moments of the Maxwell-Boltzmann distribution. The ranges of flow velocity and temperature providing positive valued distributions vary with regulating discrete velocities as parameters. In addition, thermal flows are simulated by only five on-lattice discrete velocities and the distributions upon asymmetric sets of discrete velocities are introduced. * jae-wan.shim@m4x.org 1
One way of simulating fluid flows is to use artificial particles jumping from one node to another in a regular lattice with a limited number of discrete velocities as in the lattice Boltzmann method [1] [2] [3] [4] [5] [6] . At a given node x and time t, the existence of a particle having a given discrete velocity v i is expressed by a velocity distribution probability p i (x, t) in real numbers instead of zero or one. Particles collide with each other every time step ∆t and thus velocity distributions change according to a redistribution rule r i (x, t) within the following discretized advection formula having a single relaxation constant ω as f i (x + v i ∆t, t + ∆t) = (1 − ω)f i (x, t) + ωF i (x, t)
where f i (x, t) is the density of the particles having v i , hence it is expressed by total density ρ(x, t) as ρ(x, t)p i (x, t), and F i (x, t) = ρ(x, t)r i (x, t) which is called the discretized equilibrium distribution. The constitution of F i (x, t) with corresponding discrete velocities v i affects the accuracy, efficiency, and stability of the lattice Boltzmann method.
Here, we present parametric discretized equilibrium distributions F i or redistribution rules r i = F i /ρ as
where c ij is the coefficient corresponding to the term of degree j − 1 of the Lagrange interpolating polynomial that passes through (v k , δ ik ) for k = 1, 2, . . . , q in which δ ik is the Kronecker delta and µ n is the nth moment of the Maxwell-Boltzmann distribution F (v) defined by µ n = v n F (v)dv. By definingμ n = v n i r i , this rule satisfies the nth moment identityμ n = µ n for n = 0, 1, . . . , q − 1 in one-dimensional space. The detailed derivation is provided in Appendix. Multi-dimensional models can be obtained by tensor products of one-dimensional models or be directly derived from Eq. (A.1) with proper choices of discrete velocities and a desired accuracy.
As an example, the redistribution rule of a model consisting of three discrete velocities v 1 = 0 and v 2,3 = ± √ ζθ 0 with a reference temperature θ 0 can be expressed by
with w 1 = 1 − 1/ζ and w 2,3 = 1/(2ζ) where u is flow velocity distinguished from particle velocity v and its discretized one v i . Note two values of the parameter ζ = 3 and 4. With the former, we recover the classical equilibrium distribution called the lattice BhatnagarGross-Krook(LBGK) model [6] , and with the latter, we find a more stable model in which the range of u providing r i ≥ 0 is wider than any other value of ζ. We will demonstrate its enhanced stability by a simulation of the Riemann problem of the shock tube and will discuss its accuracy.
As another example, thermal compressible flows of the Navier-Stokes equations can be simulated by only five on-lattice discrete velocities in one-dimensional space with the following rule and by 25 in two-dimensional space via tensor products. For a symmetric set of discrete velocities defined by v 1 = 0, v 2,3 = ±x, and v 4,5 = ±y, the corresponding explicit expression of r i is
According to the Gauss-Hermite quadrature in the lattice Boltzmann theory [7, 8] , we can simulate thermal flows with five discrete velocities obtained from the zeros z i of the Hermite polynomial of degree five [9] , however, there is an important difference. While the ratios between z i ( = 0) are not always rational so that artificial particles are not allowed to jump from one node to another in a regular lattice, the discrete velocities obeying the rule of Eq. (2) are allowed to do so -we call them on-lattice velocities -by regulating x and y such as y = 2x in Eq. (4). For the on-lattice models, the conventional minimal sets consist of seven velocities for one-dimensional space [10] , and 37 velocities [11] or sparse 33 velocities [12, 13] for two-dimensional space in contrast to 25 velocities presented in this paper.
Let us define dimensionless variablesū
and examine Eq. (3). The contour plot of r i with respect toū andv 2 is shown in Fig. 1 . The shadow area represents the domains providing r i ≥ 0. The lower boundary curve passing through the points P 2 and P 3 satisfies r 1 = 0, and the two upper boundaries satisfies r 2,3 = 0.
We observe that the range ofū satisfying r i ≥ 0 for all i is maximized when ζ = 4 orv 2 = 2 by which P 1 is touched and the range becomes |ū| ≤ √ 3. Note that the range of the LBGK model is |ū| ≤ √ 2 and it is achieved when ζ = 3.
We demonstrate the enhanced stability of the parametric lattice Boltzmann model with ζ = 4 with a simulation of the Riemann problem of the shock tube. We use one thousand nodes for the linear shock tube. The initial condition is set by the parametric lattice Boltzmann model with ζ = 4, the LBGK model [6] that is equivalent to the parametric model with ζ = 3, and the model obtained by an entropy function [14] . 
b It could be expanded by the Taylor series expansion with respect to u = 0 as
The viscosity of the models is expressed by ν = ( the use of isothermal approximation must be done carefully even for the case ofū ≪ 1. Fig. 5 shows the result obtained by the parametric model (thick blue) of five discrete velocities with x = 1.4 and y = 2x, which are selected by considering the ranges ofū,θ, andv i that provide Lastly note that Eq. (2) also provides r i upon an asymmetric set of discrete velocities.
As an example, we have {r 1 , r 2 , r 3 } as
for corresponding discrete velocities {0,v, −2v}.
In conclusion, we have presented parametric discretized equilibrium distributions of the lattice Boltzmann method. The ranges of flow velocity and temperature providing r i ≥ 0 vary with regulating discrete velocities as parameters. Thermal flows are simulated by only five on-lattice discrete velocities and 25 in one-and two-dimensional spaces, respectively.
The accuracy and the stability of the derived models have been tested and compared with existing models by the Riemann problem of the shock tube. The equilibrium distributions upon asymmetric sets of discrete velocities are also introduced.
Appendix: Appendix
The redistribution rule r i corresponding to a set of discrete velocities v i for i = 1, 2, . . . , q is obtained by
for n = 0, 1, . . . , n * where n * is a desired order of accuracy, .
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